Abstract. In this paper, the differential graded (DG for short) Poisson adjoint action on M is introduced, where M is a DG Poisson module over a DG Poisson Hopf algebra A. As an application, we give a new DG poisson module structure over the DG Poisson Hopf algebra A, which depends heavily on the structure of A.
Introduction
The Poisson bracket was originally introduced by French Mathematician Siméon Denis Poisson in search for integrals of motion in Hamiltonian mechanics. Recently, different generalizations of Poisson algebras have been introduced by several people: Poisson orders [1] , noncommutative Leibniz-Poisson algebras [2] , Left-right noncommutative Poisson algebras [3] , graded Poisson algebras [4] , Poisson Ore-extensions [8] , differential graded Poisson algebra [9] , Poisson PI algebras [12] , double Poisson algebras [19] , Novikov-Poisson algebras [20] and Quiver Poisson algebras [22] , etc. One of the most interesting features in this area is the Poisson universal enveloping algebra, which was first introduced by Oh [13] in order to describe the category of Poisson modules. Most recently, many people show their interests in Poisson universal enveloping algebras [8, 10, 16, 18, 21] . In particular, the second author of the present paper studied the universal enveloping algebras of DG Poisson algebras and propose a definition for the DG Poisson module [9] .
We know that, Poisson Hopf algebras arise naturally in Poisson geometry and quantum groups. Recently, Poisson Hopf algebras are studied by many authors from different perspectives [5, 7, 14, 15] . In [5] , the authors developed the theory of Poisson Hopf algebras, given the definition of a DG Poisson Hopf algebra A, and discussed the structures for the universal enveloping algebra of A.
Considering the importance of DG Poisson Hopf algebras and DG Poisson modules, our aim in this paper is to study the DG Poisson adjoint action on M , where M is a DG Poisson modules over a DG Poisson Hopf algebras A. Furthermore, according to the DG Poisson adjoint action on M , we will construct a new DG Poisson module structure over A, which relies heavily on the structure of A.
The paper is organized as follows. In Section 2, we briefly review some basic definitions and results related to DG Poisson Hopf algebras and DG Poisson modules over DG Poisson algebras. In Section 3, we first propose a definition for the DG Poisson adjoint action, then discuss some basic properties of the DG Poisson adjoint action. As an application, we construct a new DG Poisson module structure over a DG Poisson Hopf algebra A.
Throughout the whole paper, Z denotes the set of integers, k denotes a base field of characteristic zero unless otherwise stated, and all (graded) algebras are assumed to have an identity and all (graded) modules are assumed to be unitary. We always take the grading to be Z-graded. In addition, Let V and W be graded vector spaces, the twisting map T : V ⊗ W → W ⊗ V is defined for homogeneous elements v ∈ V and w ∈ W by
and extends to all elements of V and W through linearity.
Preliminaries
In this section, we will recall some definitions and properties of DG Poisson Hopf algebras and DG Poisson modules.
By a graded algebra A we mean a Z-graded algebra (A, u, η), where u : A ⊗ A → A and η : k → A are called the multiplication and unit of A, respectively. For convenience, we shall write u(a ⊗ b) as ab, ∀a, b ∈ A, whenever this does not cause confusion.
Recall that a graded coalgebra C over k is a Z-graded vector space with the graded linear maps ∆ : C → C ⊗ C and ε : C → k of degree 0 such that the obvious (usual) diagrams commute, where ∆ and ε are called the comultiplication and counit of C, respectively.
For any homogeneous element c ∈ C, we shall use the Sweedler's notation, that is ∆(c) = (c) c (1) ⊗ c (2) . In this notation, the comultiplication and counit property may be expressed as
for any homogeneous elements c ∈ C, respectively.
Let H be a graded algebra with multiplication u and unit η, and at the same time a graded coalgebra with comultiplication ∆ and counit ε. If ∆ and ε are graded algebra homomorphisms, then H is called a graded bialgebra. Further, if H admits a graded vector space homomorphism S : H → H of degree 0 which satisfies the following defining relation:
Then H is called a graded Hopf algebra, and S is called the antipode of H.
Similarly, a graded Poisson algebra can be defined as a graded algebra with a compatible graded Lie structure.
is a graded Lie algebra. That is to say, we have
for any homogeneous elements a, b, c ∈ A, then A is called a graded Poisson algebra. (ii) (A, u, η, ∆, ε) is a graded Hopf algebra;
for any homogeneous elements a, b, a , b ∈ A.
Then A is called a graded Poisson Hopf algebra. If in addition, there is a k-linear homogeneous map d : A → A of degree 1 such that d 2 = 0 and
for any homogeneous elements a, b ∈ A, then A is called a DG Poisson Hopf algebra, which is usually denoted by (A, u, η, ∆, ε, S, {·, ·}, d).
Remark 1. By the formula (2.1) and ∆({a, b} A ) = {∆(a), ∆(b)} A⊗A , we have
for all homogeneous elements a, b of a DG Poisson Hopf algebra A.
If A is just a graded Hopf algebra, then the antipode S has the following properties [6, 11, 17] . Lemma 1. Let A be a graded Hopf algebra and S its antipode; then (ii) (M, ·, {·, ·}) is a left Z-graded Poisson module over the graded Poisson algebra A. That is to say, there is another bilinear bracket {·,
for all homogeneous elements a, b ∈ A and m ∈ M .
(iii) The linear function ∂ is compatible with the bracket {−, −} M . That is, we have ∂({a, m} M ) = {d(a), m} M + (−1) |a| {a, ∂(m)} M for all homogeneous elements a ∈ A and m ∈ M .
We usually call ∂ the differential of M and use a quadruple (M, ·, {·, ·} M , ∂) to denote a DG Poisson module.
DG Poisson adjoint action and its application
In this section, we define the DG Poisson adjoint action, and construct a new DG Poisson module over a DG Poisson Hopf algebra A by studying the DG Poisson adjoint action, which will take advantage of the structure of a DG Poisson Hopf algebra.
We begin with the following definition. . Then the DG Poisson adjoint action on M is defined by
where ∆(a) = Σ (a) a (1) ⊗ a (2) There exists a canonical DG Poisson adjoint action on A given by
since A is a DG Poisson A-module with Poisson module structure {a, z} A and az is the multiplication in A for all a, z ∈ A. Moreover, the canonical DG Poisson adjoint action on A satisfies the following relation:
In particular, if |a| = 1, then the canonical DG Poisson adjoint action is a graded derivation on A. 
where a ∈ A and z ∈ M .
Proof. By Definition 3, it is easy to see that {1 A , z} = 0, for any homogeneous element z ∈ M . Then for any homogeneous elements a ∈ A, z ∈ M , we have 
and M is a DG Poisson module over A, then for any homogeneous elements a, b ∈ A, z ∈ M , we have
by Lemma 1.
Lemma 5. Let (A, u, η, ∆, ε, S, d) be a DG Poisson Hopf algebra and let M be a DG Poisson A-module. For any homogeneous elements a, b ∈ A, we have (2) , b (2) }) and M is a DG Poisson module over A, then for any homogeneous elements a, b ∈ A, z ∈ M , we have
|{a,b} (1) ||{a,b} (2) | S({a, b} (2) ){{a, b} (1) , z}
by Lemmas 1 and 2. But
by Lemma 3. Similarly, we have
Since for any homogeneous element z ∈ M , we have {1 A , z} = 0. Thus
As an application, we are ready to state and prove our main result. . Define
Proof. Note that (A, u, η, ∆, ε, S, d) is a DG Poisson Hopf algebra, we have that ε is a graded algebra homomorphism. The fact (M, •) is a left Z-graded module over A is straightforward and follows easily from the Definition of a graded module. Now, let us prove that (M, •, * ) is a left Z-graded Poisson module over the graded Poisson algebra A. By Lemma 2, we know that ε({a, b}) = 0, ∀a, b ∈ A. Note that k is a trivial DG Poisson Hopf algebra concentrated in degree 0 with trivial Poisson bracket and trivial differential, hence
For any homogeneous elements a, b ∈ A, m ∈ M , we have Finally, we show that the differential ∂ satisfies the corresponding conditions. For any homogeneous elements a ∈ A, m ∈ M , we have on one hand: (−1) |a (1) ||a (2) | (dS(a (2) ){a (1) , m} + (−1) |a (2) | S(a (2) )∂({a (1) , m})) = (a) (−1) |a (1) ||a (2) | Sd(a (2) ){a (1) , m} 
